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If x and y are noncommuting elements in a complex Banach algebra with 
unit then the generalized numerical ranges Ws(G%e-A*) cover the complex 
plane. 
1. Let GZ be a complex Banach algebra with an identity of norm 1. 
A state on /2 is a linear functional f such that f( 1) = 1 = ]jflj. The 
numerical range [5] of an element x E CY is by definition the set 
where 9’ is a collection of all states on 6% The numerical range of x 
is compact, convex, and contains the spectrum of x. Also 
If @ is a subalgebra of the algebra g’(X) of all bounded linear opera- 
tors on a complex Hilbert space then the numerical range W,,(A) 
coincides with the closure of the ordinary numerical range of A. 
(See 151-J 
THEOREM. If x, y E 01 and xy # yx, then 
jJc Wo(eAyxe-AY) = C. 
Proof. Suppose that W = U,+c W,,(2Yxe-Ag) does not contain 
two complex numbers. If f is a state on 13, then the function 
rp#) =f(t+Yxe-AY) is entire and its range is contained in W. There- 
fore q+ is constant by Picard’s Theorem. 
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Hence 
0 = p,‘(A) = f(eyyx - x-y) e-y 
for all complex A. In particular, f(yx - xy) = ~~‘(0) = 0. Since the 
set of states separates points of a it follows that yx - xy = 0. 
Therefore the complement of W contains at most one point. 
This implies that W = @. Indeed, fix x0 E u(x). If x is any complex 
number then there is a point xi E W such that z lies on the line 
segment [x0 , xi]. Since xi E I%‘,(&%@~) = IV,, for some A, and since 
z,, E o(x) C W, , it follows from convexity of W, that x E W. 
COROLLARY 1. If x, y E GF!, then sup, 11 eAy~e-Au I[ < co if and only 
if xy = yx 
2. For further applications of the theorem, let %’ be a separable 
infinite-dimensional Hilbert space, let g’(s) be the algebra of all 
bounded linear operators on 8 and let X be the closed ideal of 
compact operators on 2. Let V(T) denote the coset in a(Z)/X that 
contains T. The numerical range W,(V(T)) is the essential numerical 
range [5] of T. A complex number h belongs to W,(V(T)) if and only if 
there is a projection P of infinite rank such that P(T - A) P is com- 
pact [3]. An equivalent condition [5] is that A belong to the closed 
numerical range of every compact perturbation of T. 
COROLLARY 2. Suppose T E 9?(Z) and that T is not of the form 
scalar + compact. Then there is an invertible operator X and a projection 
P of in.nite rank such that P(X-lTX) P is compact. That is, T is 
similar to an operator that has a compact compression. 
Proof. The coset v(T) does not belong to the center of the algebra 
a(Z)/Z, hence there is an operator Y such that 0 belongs to the 
numerical range of ~Y’~)v(T) e-V(y) = v(eYTe-Y). 
Halmos [4] has exhibited a commutator whose (closed) numerical 
range does not contain 0. However, the situation is different when 
similarity transformations are allowed: 
COROLLARY 3. Let A, B belong to a(%). Then 0 belongs to the 
essential numerical range of X-l(AB - BA) X for some invertible 
operator X. 
Proof. If not, then V(AB - BA) is a nonzero element of the 
center of g(&)/* so that V(AB - BA) = Xv(l), for some complex 
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number X # 0. (See [2].) Th is, however, contradicts the fact that 
the identity is not a commutator in any Banach algebra. 
Anderson [l] has recently shown that 0 belongs to the essential 
numerical range of an operator C if and only if C = AX - XA 
where A is self-adjoint. The following result is an immediate conse- 
quence. 
COROLLARY 4. -If CESI(S) is a commutator, then C is similar to 
a commutator of the form AX - XA where A is self-aa’joint. 
Remarks. (1) C orollary 1 is also an immediate consequence of 
Liouville’s theorem. 
(2) One can give a proof of the theorem that avoids the use of 
Picard’s theorem as follows: It is enough to prove that 0 E YV (replace 
x by a translate of x). Now if 0 $ %‘-, then obvious estimates on vr 
together with the Hadamard factorization theorem show that 
~~(4 = exp(y + Bf4 where q and /If are complex constants. 
Replacing f by $(fi + fi), where fi E 8, a simple argument then 
shows that /3, is independent off E 9. From this one readily concludes 
that xy - yx = 0. 
(3) It seems reasonable to conjecture that if xy # yx then for 
any compact set C there is a complex number h such that 
W,,(eh~xe-~~) 3 C. This is true if GZ = G?(Z) with dim Z’ = 2. 
A weaker version of the same assertion appears in [6]. 
(4) For trivial reasons one has the inclusions 
g@(x)) c (7 WO(eh%e-A~) C W,(X), 
A 
where the leftmost entry is the convex hull of the spectrum of X. 
We conclude by mentioning two examples to show that no sharper 
assertion is possible in general. 
EXAMPLE 1. Let A be the operator on two-dimensional Hilbert 
space with matrix (p 8) and let B = A*. Then A, = eeABAeAB is 
unitarily equivalent to (1 + 1 h 1”) A. Hence fib W,,(A,) = W,(A) # 
Q(a(A)). Also 
itf 11 A,, 11 = 1 # spectral radius of A. 
Finally, if A, = AA0 where h, # 0, then 
WMJ) $ n ~o(e-ABAo~B) g ho. 
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EXAMPLE 2. Let A be as in the first example and let B = A*A. 
Then 
0 Wo(e-AABZA) = W&3), 
0 Wo(e-AEAeAE) = V(o(A)). 
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